We describe the big cone of a projective symmetric variety. Moreover, we give a necessary and sufficient combinatorial criterion for the bigness of a nef divisor (linearly equivalent to a G-stable divisor) on a projective symmetric variety. When the variety is toroidal, such criterion has an explicitly geometrical interpretation. Finally, we describe the spherical closure of a symmetric subgroup.
Brion give a description of the Picard group of a spherical variety in [Br89] . He also finds necessary and sufficient conditions for the ampleness and global generation of a line bundle. From these conditions follows that a line bundle is nef if and only if it is globally generated. It is natural to ask what are the conditions on a line bundle to be big. It is known that the effective cone is closed, polyhedral and, if the variety is Q-factorial, generated by the classes of the B-stable prime divisors. But in general it is hard to say which are the B-stable prime divisors whose classes generate an extremal ray of the effective cone. In the very special case of projective homogeneous varieties, the big cone coincides with the ample cone. More generally, the case of wonderful varieties is studied in [Br07] . There are also known some conditions for a divisor on a toric variety to be big. See also [FS08] for a study of the big cone of some toric varieties.
We are interested to study the bigness of line bundles on symmetric varieties (over which acts a semisimple group). First, we describe explicitly the effective cone; we determine also when the classes of two B-stable prime divisors are proportional. When the variety is Q-factorial, we find the conditions so that the class of a B-stable prime divisor generates an extremal ray of the effective cone (see Theorem 3.1 and Corollary 3.1).
In a second time, we restrict ourselves to study the bigness of a nef divisor which is linearly equivalent to a G-stable Q-divisor. In many case, the last condition is satisfied for all divisors. Moreover, the canonical divisor is always linearly equivalent to a G-stable Q-divisor. We prove a necessary and sufficient combinatorial condition on the piecewise linear function associated to a G-stable, nef, Cartier Q-divisor so that the divisor is big (see Theorem 4.1).
Each projective toroidal symmetric variety X contains a projective toric variety Z c which determines univocally X. We prove that the restriction of a big Cartier divisor of X to Z c is always big. If the divisor is G-stable, then this condition is also sufficient. In particular, we prove that, if G is simple, every non-trivial, nef, G-stable, Cartier divisor on X is big (see Proposition 4.1
Introduction and notations
In this section we introduce the necessary notations. The reader interested to the embedding theory of spherical varieties can see [Br97a] or [T06] . In [Vu90] is explained such theory in the particular case of symmetric varieties.
First definitions
Let G be a connected semisimple algebraic group over C and let θ be an involution of G. Let H be a closed subgroup of G such that G θ ⊂ H ⊂ N G (G θ ), then we say that G/H is a symmetric space and that H is a symmetric subgroup. We can assume G simply connected. An equivariant embedding of G/H is the data of a G-variety X together with an equivariant open immersion G/H ֒→ X. A normal G-variety is called a spherical variety if it contains a dense orbit under the action of an arbitrarily chosen Borel subgroup of G. One can show that every normal equivariant embedding of G/H is spherical (see [dCoPr83] , Proposition 1.3); we call it a symmetric variety. We say that a subtorus of G is split if θ(t) = t −1 for all its elements t; moreover it is a maximal split torus if has maximal dimension. We say that any maximal torus containing a maximal split torus is maximally split. One can prove that any maximally split torus is θ stable (see [T06] , Lemma 26.5). We fix arbitrarily a maximal split torus T 1 and a maximally split torus T containing T 1 . Let R G be the root system of G with respect to T . We can choose a Borel subgroup B containing T such that, given any positive root α, either θ(α) = α or θ(α) is negative. Moreover, BH is dense in G (see [dCoPr83] , Lemma 1.2 and Proposition 1.3).
Colored fans
We want to describe the Picard group of a symmetric variety. Before to do it, we need to introduce some details about the classification of the symmetric varieties by their colored fans (this classification is defined more generally for spherical varieties). Let D(G/H) be the set of B-stable prime divisors of G/H; its elements are called colors. Since BH/H is an affine open set, the colors are the irreducible components of (G/H) \ (BH/H). We say that a spherical variety is simple if it contains one closed orbit. Let X be a simple symmetric variety with closed orbit Y . We define the set of colors of X as the subset D(X) of D(G/H) consisting of the colors whose closure in X contains Y . To each prime divisor D of X, we can associate the normalized discrete valuation v D of C(G/H) whose ring is the local ring O X,D . One can prove that D is G-stable if and only if v D is G-invariant, i.e. v D (s · f ) = v D (f ) for each s ∈ G and f ∈ C(G/H). Let N be the set of all G-invariant valuations of C(G/H) taking value in Z and let N (X) be the set of the valuations associated to the G-stable prime divisors of X. Observe that each irreducible component of X \ (G/H) has codimension one, because G/H is affine. Let S := T / T ∩ H ≃ T · (H/H). One can show that the group C(G/H) (B) / C * is isomorphic to the character group χ(S) of S (see [Vu90] , §2.3); in particular, it is a free abelian group. We define the rank of G/H as the rank of χ(S). We can identify the dual group Hom Z (C(G/H) (B) / C * , Z) with the group χ * (S) of one-parameter subgroups of S; so we can identify χ * (S) R with Hom Z (χ(S), R). The restriction map to C(G/H) (B) /C * is injective over N (see [Br97a] , §3.1 Corollaire 3), so we can identify N with a subset of χ * (S) R . We say that N is the valuation semigroup of G/H. For each color D, we define ρ(D) as the restriction of v D to χ(S). In general, the map ρ :
Let C(X) be the cone in χ * (S) R generated by N (X) and ρ(D(X)). A simple symmetric varieties is univocally determined by its colored cone (see [Br97a] , §3.3 Théorème). Let Y be an orbit of a symmetric variety X. The set {x ∈ X | G · x ⊃ Y } is an open simple G-subvariety of X with closed orbit Y , because any spherical variety contains a finite number of G-orbits. Let {X i } be the set of open simple subvarieties of X and define the set of colors of X, D(X), as i∈I D(X i ). The family {(C(X i ), D(X i ))} i∈I is called the colored fan of X and determines completely X (see [Br97a] , §3.4 Théorème 1). Moreover X is complete if and only if cone(N ) is contained in the support i∈I C(X i ) of the colored fan (see [Br97a] , §3.4 Théoremè 2).
If one allows G to be reductive, then the toric varieties are a special case of symmetric varieties. If X is a toric variety, then D(G/H) is empty and we need only to consider the fan {(C(X i ))} i∈I associated to the colored fan of X (actually the classification of spherical varieties by colored fans is a generalization of the classification of toric varieties by fans).
Restricted root system
To describe the sets N and ρ(D(G/H)), we need to associate a root system to G/H. W can identify χ(T 1 ) R with χ(S) R because χ(S) has finite index in χ(T 1 ). We call again θ the involution induced on χ(T ) R . The inclusion T 1 ⊂ T induces an isomorphism of χ(T 1 ) R with the (−1)-eigenspace of χ(T ) R under the action of θ (see [T06] , §26). Denote by W G the Weyl group of G (with respect to T ). We can identify χ(T 1 ) R with its dual χ * (T 1 ) R by the restriction ( ·, ·) of the Killing form to χ(T 1 ) R . The set R G,θ := {β − θ(β) | β ∈ R G }\ {0} is a root system in χ(S) R (see [Vu90] , §2.3 Lemme), which we call the restricted root system of (G, θ); we call the non zero β − θ(β) the restricted roots. We denote by α 1 , ..., α s the elements of the basis R G,θ := {β − θ(β) | β ∈ R G simple} \ {0} of R G,θ . The rank s of R G,θ is equal to the rank of X because G is semisimple. Let b i be equal to We say that a dominant weight ̟ ∈ χ(T ) is a spherical weight if V (̟) contains a non-zero vector fixed by G θ . In this case, V G θ is one-dimensional, θ(̟) = −̟ and ̟ belongs to χ(S) R . One can show that set of dominant weights of R G,θ is the set of spherical weights and that C + is the intersection of χ(S) R with the positive closed Weyl chamber of the root system R G . See [ChMa03] , Theorem 2.3 or [T06] , Proposition 26.4 for an explicit description of the spherical weights.
The sets N and D(G/H)
The set N is equal to −C + ∩ χ * (S); in particular, it consists of the lattice vectors of the rational, polyhedral, convex cone −C + = cone(N ). The set ρ(D(G/H)) is equal to {α ∨ 1 , ..., α ∨ s } and, for each i, the fibre ρ −1 (α ∨ i ) contains at most 2 colors. In particular, the number of colors of a symmetric space is at least the rank of the space. We will say that (G, θ) indecomposable if the unique normal, connected, θ-stable subgroup of G is the trivial one. In this case the number of colors of G/H is at most equal to rank of G/H plus one.
If |D(G/H)| > rank(G/H) and (G, θ) is indecomposable, we have two possibilities: 1)
In the last case any element of N G (G θ )\ G θ exchanges two colors. We will say that G/H is exceptional if (G, θ) contains an indecomposable factor as that one in the first case.
). We will use this notation because ρ is injective over
Toroidal symmetric varieties
Before to describe the Picard group, we want to define a special class of varieties.
We will say that a spherical variety is toroidal if D(X) = ∅. There is a special completion of any symmetric space G/H because N G (H)/H is finite. This completion, called the standard completion X 0 , is the simple symmetric variety associated to (cone(N ), ∅) and it is the maximal simple completion of G/H in the dominant order. When X 0 is smooth then it is a wonderful variety (by the definition of Luna). In particular, X 0 is smooth (and wonderful) if H = N G (G θ ). This case is been defined and studied by De Concini and Procesi in [dCoPr83] .
X 0 contains an affine toric S-variety Z 0 , which is a quotient of an affine space by a finite group. The toroidal varieties are the symmetric varieties which dominates the standard completion and are in one-to-one correspondence with the S-toric variety which dominates birationally Z 0 . The correspondence is obtained in the following way. The open set U := X 0 \ D(G/H) D is a Bstable affine set; let P be its stabilizer. U is P -isomorphic to R u P × Z 0 , where R u P = β≻0, θ(β) =β U β is the unipotent radical of P and dim Z 0 = rank X 0 . To any toroidal variety X we associated the inverse image Z of Z 0 by the projection
The toroidal varieties are also in one-to-one correspondence with a class of complete toric variety in the following way. To a symmetric variety variety X, we associate the closure Z c of Z in X; Z c is also the inverse image of Z c 0 . The fan of Z is the fan associated to the colored fan of X, while the fan of Z c consists of the translates of the cones of Z by the Weyl group W G,θ of R G,θ .
Given a symmetric variety X there is a unique minimal toroidal variety X dec which dominates X and is called the decoloration of X. If {(C i , F i )} i∈I is the colored fan of X, then {(C i ∩ cone(N ), ∅)} i∈I is the colored fan of X dec .
The Picard group
The class group of a symmetric variety is generated by the classes of the Bstable prime divisors modulo the relations div(f ) with f ∈ C(G/H) (B) . Indeed Cl(BH/H) = P ic(BH/H) is trivial. Given ω ∈ χ(S) we denote by f ω the element of C(G/H) (B) with weight ω and such that f ω (H/H) = 1. We denote by v E the image of E ∈ N (X) in χ * (S) and given ω ∈ v(N (X)) we denote by
The {h C } defines a piecewise linear function on the support of the colored fan.
Let P L ′ (X) be the set of functions on the support C of the colored fan of X such that: 1) are linear on each colored cone; 2) are integer on
′ (X) be the subset composed by the restrictions of linear functions and let
Moreover, for the Cartier divisors the linear equivalence coincides with the numerical equivalence (see [Br93] Corollaire 1.3). A Cartier divisor is globally generated (resp. ample) if and only if the associated function is convex (resp. strictly convex) and
is multiplicity free and, if L is globally generated, the highest weights of H 0 (X, L) are the elements of χ(S) ∩ hull(h C ) (see [Br89] , §3). When X is toroidal we have an exact split sequence
where the map are induced respectively by the projection X → X 0 and by the inclusion Z ֒→ X. The Picard group of the standard symmetric variety is freely generated by the classes of the colors. It is easy to see that a symmetric variety is Q-factorial if and only if each colored cone is simplicial and ρ is injective over D(X). Recall that a cone is said simplicial if it is generated by a number of vectors equal to its dimension. In particular the standard completion of any symmetric space is Q-factorial. The conditions for the smoothness of a complete symmetric variety are much more complicated (see [Ru07] , Theorem 2.2). 
Spherical closure
Observe that some of the G i can be trivial.
Proof. First of all, we can reduce ourselves to the non-exceptional case.
Suppose now X non-exceptional and write (G, θ) = (G i , θ) with the (
Finally, these groups are equal because G/H has the same number of colors of G/H sf .
Corollary 2.1 If H is spherical closed, then G/H is a product of indecomposable symmetric spaces
G i /H i . Moreover,
the wonderful completion of G/H is the product of the wonderful completions of the
G i /H i .
Big cone of a projective symmetric variety
Given a variety X we define Ef f (X) (respectively Big(X)) as the cone in P ic(X) R generated by the classes of effective divisors (respectively of big divisors). First we determine Ef f (X) when X is Q-factorial, then we consider the general case. Given any symmetric variety X, let X
≤1 be the open G-subvariety composed by orbits of codimension at most 1. We have an equivariant morphism q : X ≤1 → X sph 0 from X ≤1 to the standard completion of G/H sph and such morphism can be extended to X if and only if X is toroidal.
Theorem 3.1 Let X be a Q-factorial, projective symmetric variety. Then
Ef f (X) is a closed polyhedral cone whose extremal rays are generated by:
• the colors which are not contained in D(G/H) H ;
• the G-stable prime divisors E whose classes are not proportional to any of the [D Observe that given R ∨ as before, there is always an E ∈ N (X) with (v E , R ∨ ) = 0 because of the completeness of X. Confront the fifth point with the Lemmas 2.3.3 and 2.3.4 in [Br07] . Let Div G (X) ′ be the abelian group freely generated by the G-stable prime divisors and let Div G (X) be its image in P ic(X). These groups are isomorphic; indeed there are not non-trivial rational relation between such divisors because ρ(D(G/H)) generates χ * (S). If X is toroidal, we can identify 
the classes of any two of the previous divisors are not proportional.

if the class of a G-stable prime divisor E belongs to the cone generated by the classes of colors then it is proportional to some
[D αi ].
the class of a G-stable prime divisor E is proportional to some [D αi ] if and only if there is an irreducible factor R
∨ of R ∨ G,θ which is orthogonal to v E ′ for any E ′ ∈ N (X) different from E.
the class of a G-stable
. Proof. Any effective divisor is linearly equivalent to a B-stable effective divisor (see for example [Br93] Théorème 1.3). Thus the effective cone Ef f (X) is the closed polyhedral cone generated by the class of the B-stable prime divisors; in particular Ef f (X) = P E(X).
Exactly as in [Br07] Lemma 2.3.1, we can prove that σ :
Observe that the [D αi ] belong to σ. Thus the first two points are clear if ρ is injective. If ρ is not injective, then σ has strictly lesser dimension of P ic(X) R . Moreover, Ef f (X) is generated by N (X) and by c(D(G/H) H ). Let J be the set of minimal primitive generators of P E(X) (we say that v ∈ P ic(X) is primitive if 1 n v ∈ / P ic(X) for any integer n = ±1). For each coroot α generates an extremal ray of σ, so it has to be proportional to [D αi ] for some i. Therefore, the first two points of the theorem follow. We can prove the third point in the same manner. Now, we want to prove the last three points. Because div(
, the same is true for any D αj such that α i and α j belongs to the same irreducible factor R of R G,θ . We can write X sph 0 = X 1 × X 2 where the X i are wonderful varieties and the restricted root system of X 2 is equal to R.
Observe that, given v ∈ −C + , (ω i , v) = 0 if and only, for any α j ∈ R, −ω 
, then the projection of q(E ′ ) on X 2 is the whole X 2 . Vice versa suppose that exists a morphism ϕ as in the statement. By the Corollary 2.1 and by the description of morphisms between spherical varieties, we can suppose that the stabilizer of ϕ(H/H) is generated by H sp and some normal connected subgroups of G (we may have to compose or to lift ϕ with a finite equivariant morphism). We need also the following property: if H ′ is a symmetric subgroup of G which contains H and does not contain any normal connected subgroup of G, then H ′ ⊂ N G (H) (see [dCoPr83] , Lemma 1.7). Therefore ϕ is the composite of q with a projection X sph 0 = X 1 × X 2 → X 2 . Now, the hypotheses on ϕ implies the condition ( * ).
Finally, if X is toroidal then −ω Proof. The corollary follows because there is a Q-factorial symmetric variety X ′ and an equivariant morphism ψ : X ′ → X which induces an isomorphism between X ≤1 and (X ′ ) ≤1 ; in particular ψ induces an isomorphism between Cl(X) and Cl(X ′ ). Moreover
Observe that the last three points of the theorem depends only by X ≤1 . To obtain X ′ we can reduce to the case where X is simple (eventually noncomplete) with maximal colored cone (C, F ) such that dim C = rank X. Let F ′ be a subset of F such that ρ(F ) = ρ(F ′ ) and ρ is injective over F ′ . We can subdivide C in an union of simplicial cones C j by intersecting C with hyperplanes H i such that: 1) H i is generated by s − 1 extremal rays of C; 2) one of such ray l is the first element of a colored cone (l, ∅) of X; 3) H i ∩ C is not a face of C. The colored fan of X ′ has colored cones (C j , F j ) where
4 Bigness of Q-divisors on a projective symmetric variety
We want to observe that to study the bigness of a (Cartier) Q-divisor we can reduce to the case of a symmetric variety proper over a wonderful one. First of all, given an equivariant morphism π : X ′ → X of normal embeddings of G/H (such that π is the identity over G/H) and a line bundle L over X, then Let X be a toroidal symmetric variety and suppose X 0 smooth. In [Ru06] §7 it is proved that a line bundle L on X is ample (resp. nef) if and only if L|Z c is ample (resp. nef). Moreover, this holds if and only if the restrictions of L to Z and to the closed orbits are ample (resp. nef). This last conditions can be stated as appropriate properties of the function h = {h C } and of the weights h C . We want to prove similar results for the bigness.
Let CDiv(X) be the group of Cartier divisor of X. We can define a linear map i * : Observe that the canonical divisor is always equivalent to a G-stable Qdivisor because of the local description of X 0 and because of Proposition 4.1 in [Br97b] .
Proof. We can reduce ourselves to the case where X is Q-factorial as in the proof of the Corollary 3.1. Given a G-stable prime divisor E on X we define E|Z as the closure of E ∩ Z in Z c , so E|Z c is w∈W G,θ wE|Z and has support E ∩ Z c . Hence, E|Z c and E|Z are effective divisors on Z c . Moreover, the T -stable prime divisors on Z c are the wE|Z with E ∈ N (X) and w ∈ W G,θ (actually w is a fixed representant in N H (T 1 ) of an element of W G,θ ). Let i : Z c ֒→ X and π :
, where ω i is the i-th fundamental spherical weight (see [Ru07] , pages 6-8 and [Vu90] §3.3-3.4). In particular, there is Y i ∈ Div G (X) with 2D
be the image of (Div
Suppose first D big. Hence, we can assume mD = A+N where A is an ample B-stable divisor and N is an effective B-stable divisor. Then mi 
′ Q with i * N = N ′ and mD = A + N . Moreover, the coefficient of N with respect to any E is equal to the coefficient of N ′ with respect to E|Z, which we know be positive.
Remark Proof. We can suppose X toroidal by taking the decoloration. Doing so, we change h by its restriction to −C + , thus the set {h C } does not change. By the previous proposition, D is big if and only if D|Z c is big. Observe that D|Z c is nef and globally generated (see [Ru06] §7 or [Br89] ). Let P (D) be the polytope hull(W G,θ {h C }), then D|Z c is big if and only if vol(D) = vol(P (D)) is strictly positive. Observe that the h C are antidominant because D is nef.
First, suppose that D is big and suppose by contradiction that there is an irreducible factor R ∨ of R ∨ G,θ such that ( h C , R ∨ ) = 0. Then (h C , R ∨ ) = 0 for each C because the h C are antidominant. Let α ∨ be any simple coroot in R ∨ , then (wh C , α ∨ ) = 0 for all C and for all w ∈ W G,θ . So P (D) is contained in the hyperplane (α ∨ , ·) = 0, thus it has volume 0. Now, suppose that the hypotheses are verified. Let n be the number of maximal colored cone, then v = 1 n h C belongs to P (L), so hull(W G,θ v) ⊂ P (L). Thus it is sufficient to prove that vol(hull(W G,θ v)) > 0. Write R G,θ = I 1 ⊔ J 1 with (v, α) = 0 if and only if α ∈ I 1 . If J 1 is not empty, there are α ∈ I 1 and β ∈ J 1 such that (α, β) = 0. Thus (s α v, β) = −(β, α ∨ )(v, α) < 0. Moreover s α v ∈ P (L). Let λ 1 := v. Then λ 2 = Observe that the results of this section can be easily extended to the Rdivisors.
